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Abstract
Double Hurwitz numbers enumerating weighted n-sheeted branched coverings of the
Riemann sphere or, equivalently, weighted paths in the Cayley graph of Sn generated by
transpositions, are determined by an associated weight generating function. A uniquely
determined 1-parameter family of 2D Toda τ -functions of hypergeometric type is shown
to consist of generating functions for such weighted Hurwitz numbers. Four classical
cases are detailed, in which the weighting is uniform: Okounkov’s double Hurwitz
numbers, for which the ramification is simple at all but two specified branch points;
the case of Belyi curves, with three branch points, two with specified profiles; the
general case, with a specified number of branch points, two with fixed profiles, the rest
constrained only by the genus; and the signed enumeration case, with sign determined
by the parity of the number of branch points. Using the exponentiated quantum
dilogarithm function as weight generator, three new types of weighted enumerations are
introduced. These determine quantum Hurwitz numbers depending on a deformation
parameter q. By suitable interpretation of q, the statistical mechanics of quantum
weighted branched covers may be related to that of Bosonic gases. The standard
double Hurwitz numbers are recovered in the classical limit.
∗Work supported by the Natural Sciences and Engineering Research Council of Canada (NSERC) and
the Fonds de recherche du Que´bec – Nature et technologies (FRQNT).
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1 Introduction: weighted branched coverings, paths
and τ-functions
1.1 Toda τ-functions as generating functions for Hurwitz numbers
In [16, 20] a method was developed for constructing parametric families of 2D Toda τ -
functions [32–34] of hypergeometric type [24, 30] that serve as generating functions for
Hurwitz numbers, which count various configurations of branched coverings of the Riemann
sphere. A natural combinatorial construction was shown to yield an equivalent interpreta-
tion in terms of path-counting in the Cayley graph of the symmetric group Sn generated by
transpositions. All previously known cases [3,4,6,13,14,23,29,31,35] were placed within this
framework and several new examples were deduced and explained, both from the enumera-
tive geometric and the combinatorial viewpoint. (For an overview of currently known cases,
including the classes of examples introduced in this work, see ref. [18].)
In the present work, this approach is extended to general one-parameter families of 2D
Toda τ -functions of hypergeometric type, determined by an associated weight generating
function G(z), together with its dual G˜(z) = 1/G(−z). The resulting τ -functions may be
interpreted as generating functions for various types of weighted enumerations of branched
covers of the Riemann sphere or, equivalently, weighted paths in the Cayley graph. By
suitably choosing G(z), it is straightforward to recover all previously studied cases [3–6, 13,
14, 16, 20, 23, 29, 31, 35] and add an infinite variety of new ones.
In this setting, the double Hurwitz numbers of Okounkov [29], which count covers that
include a pair of branch points with specified ramification profiles µ and ν, together with a
number d of additional simple branch points, correspond to the exponential weight generating
function G(z) = ez. The associated combinatorial problem consists of counting d-step paths
in the Cayley graph of Sn starting from an element of the conjugacy class cyc(ν) with
cycle lengths given by the partition ν and ending in the class cyc(µ). The counting of
Belyi coverings [4, 23, 35] of fixed genus, having again a pair of branch points with specified
ramification type, plus a third whose profile length is determined by the genus, was shown in
[16,20] to be equivalent to counting paths in the Cayley graph that are strictly monotonically
increasing in the second elements of the successive transpositions. This case corresponds
to the weight generating function G(z) = 1 + z. The counting of coverings with k + 2
branch points, two of which again have specified ramification profiles µ and ν, while the
remaining k are constrained to provide a specified genus g, corresponds to G(z) = (1 + z)k.
Combinatorially, this counts d = 2g−2+ℓ(µ)+ℓ(µ) step paths in the Cayley graph, starting
at an element of cyc(ν) and ending in cyc(µ), consisting of k subsequences each of which
is strictly monotonically increasing in the second elements of successive transpositions. The
signed counting of branched covers, again with two ramification profiles specified, plus an
arbitrary number of further branch points constrained to provide the fixed genus, was shown
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to correspond to counting weakly monotonic paths [13, 14, 16, 20]. The weight generating
function in this case is G(z) = (1− z)−1, so this is the dual of the Belyi curve case.
All these examples may be viewed as special “classical” cases of the more general family of
weighted coverings, and associated weighted paths, characterized by the fact that the weights
are uniform (i.e., constant over the class of permissible ramification profiles), possibly up to
a sign determined by the parity of the number branch points.
For a general weight generating function G(z), the weights assigned to configurations of
branched coverings of the Riemann sphere or to paths in the Cayley graph generated by
transpositions are determined by the coefficients of the Taylor expansion of G(z) about the
origin or, alternatively, by the coefficients in a finite or infinite product expansion of the
form G(z) =
∏∞
i=1(1 + ciz). The algebra Λ of symmetric functions in an arbitrary number
of indeterminates [27] turns out to be fundamental in the analysis.
Remarkably, all six standard bases of Λ: {sλ}, {pλ}, {eλ}, {hλ}, {mλ} and {fλ}, labelled
by integer partitions λ, turn out to play an essential roˆle. The Schur functions {sλ}, and di-
agonal tensor products of these, serve as expansion bases for the KP or 2D Toda τ -functions
of hypergeometric type [24,30], in which the coefficients are of content product form [16,19].
The coefficients in the basis {pλ} of power sum symmetric functions, or tensor products of
these, turn out to be the weighted Hurwitz numbers. Provided these series are uniformly
convergent on some domain of the expansion parameters, they can be shown [32–34] to
satisfy an infinite system of Hirota bilinear equations, implying an infinite set of quadratic
relations between the coefficients, equivalent to the Plu¨cker relations for an infinite dimen-
sional Grassmann manifold. The bases {eλ}, {hλ} formed from products of the elementary
and complete symmetric functions, evaluated at the set of parameters (c1, c2, . . . ) appearing
in the weight generating function G(z) and its dual G˜(z), provide the path weights in the
Cayley graph of Sn generated by the transpositions. The monomial sum and “forgotten” [27]
symmetric functions {mλ} and {fλ} similarly provide theweights of the branched coverings.
The equality between the combinatorial and geometric definitions of the weighted Hurwitz
numbers follows from the various forms of the Cauchy-Littlewood identity [27] and its dual
(see Section 2.5).
A class of examples of special interest appears when the quantum dilogarithm function is
used to define the weight generating function G(z). This leads to the notion of q-deformed,
or quantum Hurwitz numbers. In Sections 3 and 4, three variants are studied, which may
be seen as q-deformations of the previously considered generating functions for strictly and
weakly monotonic path counting. The classical limit is shown to reproduce the double
Hurwitz numbers Covd(µ, ν) of [29].
In the general setting, the number of branch points may be viewed as a random variable,
as can the Hurwitz numbers themselves. In the special case of quantum Hurwitz numbers, the
state space is identifiable with that of a Bosonic gas with linearly spaced energy eigenvalues
and fixed total energy. If the energy is taken as proportional to the degree of degeneration
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of the covering over the various branch points, fixing the total energy corresponds to fixing
the genus of the covering curve or, equivalently, the number of steps in the Cayley graph.
1.2 Weight generating functions and weighted Hurwitz numbers
The use of one parameter families of 2D Toda τ -functions of hypergeometric type as gener-
ating functions for weighted branched coverings or weighted paths in the Cayley graph will
be developed in detail in Section 2. In the first setting, we introduce a weight generating
function G(z) and its dual G˜(z) in the form of infinite products
G(z) :=
∞∏
k=1
(1 + ckz) (1.1)
G˜(z) :=
∞∏
k=1
(1− ckz)
−1 (1.2)
Define the colength of a partition µ to be the difference between its length and its weight
ℓ∗(µ) := |µ| − ℓ(µ). (1.3)
The Euler characteristic of a connected n-sheeted branched cover of the Riemann sphere with
k + 2 branch points with ramification profiles given by the partitions (µ(1), . . . , µ(k), µ, ν) is
given by the Riemann-Hurwitz formula
2− 2g = ℓ(µ) + ℓ(ν)− d, (1.4)
where g is the genus and d the sum of the colengths
d =
k∑
i=1
ℓ∗(µ(i)). (1.5)
The weights attached to a branched covering having two specified branch points with ram-
ification profiles of type µ and ν, and k additional branch points with ramification profiles
(µ1), . . . , µ(k)) are defined to be
WG(µ
(1), . . . , µ(k)) := mλ(c) =
1
|aut(λ)|
∑
σ∈Sk
∑
1≤i1<···<ik
c
ℓ∗(µ(1))
iσ(1)
· · · c
ℓ∗(µ(k))
iσ(k)
, (1.6)
WG˜(µ
(1), . . . , µ(k)) := fλ(c) =
(−1)ℓ
∗(λ)
|aut(λ)|
∑
σ∈Sk
∑
1≤i1≤···≤ik
c
ℓ∗(µ(1))
iσ(1)
, · · · c
ℓ∗(µ(k))
iσ(k)
, (1.7)
where mλ(c) and fλ(c) are, respectively, the monomial sum and “forgotten” symmetric
functions [27] in the variables c = (c1, c2, . . . ), corresponding to the partition λ of length
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k with parts (λ1, . . . , λk) equal to the colengths (ℓ
∗(µ(1)), . . . , ℓ∗(µ(k))), arranged in weakly
decreasing order, and |aut(λ)| is the order of the automorphism group, under Sn of the
partition λ:
|aut(λ)| :=
ℓ(λ∏
i=1
(mi(λ))!, (1.8)
where mi(λ) is the number of times i appears as a part of λ. The weighted numbers of such
n-sheeted branched coverings of the Riemann sphere, having two specified branch points with
ramification profiles µ and ν and any number k of further ones, with arbitrary ramification
profiles (µ(1), . . . , µ(k)), are defined to be
HdG(µ, ν) :=
∞∑
k=0
∑′
µ(1),...µ(k)∑k
i=1 ℓ
∗(µ(i))=d
WG(µ
(1), . . . , µ(k))H(µ(1), . . . , µ(k), µ, ν) (1.9)
Hd
G˜
(µ, ν) :=
∞∑
k=0
∑′
µ(1),...µ(k)∑d
i=1 ℓ
∗(µ(i))=d
WG˜(µ
(1), . . . , µ(k))H(µ(1), . . . , µ(k), µ, ν), (1.10)
where H(µ1), . . . , µ(k), µ, ν) is the number of inequivalent n-sheeted branched coverings of
the Riemann sphere (not necessarily connected) having k + 2 branch points with profiles
(µ1), . . . , µ(k), µ, ν) weighted by the inverse of the order of their automorphism groups, and∑′ denotes the sum over all partitions other than the cycle type of the identity element.
For any N ∈ Z and any partition λ, choosing a nonvanishing parameter β, we define the
content product
r
(G,β)
λ (N) := r
(G,β)
0 (N)
∏
(i,j)∈λ
G(β(N + j − i)), (1.11)
r
(G˜,β)
λ (N) := r
(G˜,β)
0 (N)
∏
(i,j)∈λ
G˜(β(N + j − i)), (1.12)
where
r
(G,β)
0 (N) :=
N−1∏
j=1
G((N − j)β)j, r
(G,β)
0 (0) := 1, r
G,β
0 (−N) :=
N∏
j=1
G((j −N)β)−j, N ≥ 1.
(1.13)
r
(G˜,β)
0 (N) :=
N−1∏
j=1
G˜((N − j)β)j, r
(G˜,β)
0 (0) = 1, r
(G˜,β)
0 (−N) :=
N∏
j=1
G˜((j −N)β)−j, N ≥ 1.
(1.14)
These coefficients determine a pair of 2D Toda τ -functions τ (G,β)(t, s), τ (G˜,β)(t, s) of
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hypergeometric type [16, 30], defined by their (diagonal) double Schur function expansions:
τ (G,β)(N, t, s) :=
∑
λ
r
(G,β)
λ (N)sλ(t)sλ(s), (1.15)
τ (G˜,β)(N, t, s) :=
∑
λ
r
(G˜,β)
λ (N)sλ(t)sλ(s), (1.16)
where
t = (t1, t2, . . . ), s = (s1, s2, . . . ) (1.17)
are the 2D Toda flow variables, which may be identified in this notation with the power sums
ti =
pi
i
, si =
p′i
i
(1.18)
in two independent sets of variables. (See [27] for notation and further definitions involving
symmetric functions.)
The first main result is :
Theorem 1.1. The functions
τ (G,β)(t, s) := τ (G,β)(0, t, s), τ (G˜,β)(t, s) := τ (G˜,β)(0, t, s), (1.19)
when expanded in the basis of tensor products of pairs of power sum symmetric functions
{pµ}, are generating functions for the weighted double Hurwitz numbersH
d
G(µ, ν) andH
d
G˜
(µ, ν)
of n-sheeted branched coverings of the Riemann sphere with genus g given by (1.4).
τ (G,β)(t, s) =
∞∑
d=0
∑
µ,ν,
|µ|=|ν|
βdHdG(µ, ν)pµ(t)pν(s), (1.20)
τ (G˜,β)(t, s) =
∞∑
d=0
∑
µ,ν,
|µ|=|ν|
βdHd
G˜
(µ, ν)pµ(t)pν(s), . (1.21)
In the combinatorial approach, the weight generating function is expressed as an infinite
sum
G(z) =
∞∑
k=0
Gkz
k, G0 = 1. (1.22)
To any d-step path
h ∈ cyc(ν)→ (a1 b1)h→ · · · → (ad bd) · · · (a1 b1)h ∈ cyc(µ) (1.23)
in the Cayley graph of Sn generated by the transpositions (a b), a < b, starting at an element
h in the conjugacy class cyc(ν) with cycle lengths equal to the parts of the partition ν and
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ending in the conjugacy class cyc(µ), we assign a signature λ, which is the partition of d
whose parts are equal to the number of transpositions (ai bi) in the sequence having the same
second elements bi, and a weight
Gλ :=
∏
i≥1
(Gi)
mi =
ℓ(λ)∏
i=1
Gλi (1.24)
where mi is the number of parts of λ equal to i. If the generating function G(z) may be
represented in the infinite product form, the coefficients Gi are just the evaluation of the
elementary symmetric functions, defined by the generating function [27]
E(z) =
∞∏
i=1
(1 + zci) =
∞∑
j=0
ej(c)z
j (1.25)
The weights Gλ are therefore the symmetric functions eλ formed from the products
eλ =
ℓ(λ∏
i=1
eλi (1.26)
evaluated at c
Gλ = eλ(c). (1.27)
Similarly, the weights G˜λ corresponding to the dual weight generating function G˜(z)
are obtained from the symmetric functions hλ constructed from products of the complete
symmetric functions {hi},
hλ =
ℓ(λ)∏
i=1
hλi (1.28)
also by evaluation at c
G˜λ = hλ(c). (1.29)
Denoting the number of d-step paths of signature λ from cyc(ν) to cyc(µ) that are
weakly monotonically increasing in their second elements as mλµν , we define the weighted
combinatorial Hurwitz number for such paths to be
F˜ dG(µ, ν) :=
d!
|n|!
∑
λ, |λ|=d
Gλm
λ
µν =: d!F
d
G(µ, ν) (1.30)
The next result shows that the τ -function τ (G,β)(t, s) is also a generating function for the
weighted numbers F˜ dG(µ, ν) of d-step paths from the conjugacy class of cycle type µ to that
of type ν, and hence the numbers HdG(µ, ν) and F
d
G(µ, ν) coincide.
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Theorem 1.2.
τ (G,β)(t, s) =
∞∑
d=0
∑
µ,ν
|µ|=|ν|
βd
d!
F˜ dG(µ, ν)pµ(t)pν(s) (1.31)
is the generating function for the numbers F˜ dG(µ, ν) of weighted d-step paths in the Cay-
ley graph, starting at an element in the conjugacy class of cycle type ν and ending at the
conjugacy class of type µ, with weights of all weakly monotonic paths of type λ given by Gλ.
(The same result holds, of course, for the dual weight generating function G˜, if G is replaced
by G˜ in (1.31) and F˜ dG(µ, ν) by F˜
d
G˜
(µ, ν) ).
These together imply equality of the two different definitions of weighted Hurwitz num-
bers:
Corollary 1.3. The geometrically defined Hurwitz numbers HdG(µ, ν), H
d
G˜
(µ, ν), enumerating
weighted branched coverings of the Riemann sphere with genus given by (1.4), are equal to
the combinatorial Hurwitz numbers F dG(µ, ν), F
d
G˜
(µ, ν) enumerating weighted paths in the
Cayley graph.
HdG(µ, ν) = F
d
G(µ, ν), H
d
G˜
(µ, ν) = F d
G˜
(µ, ν). (1.32)
The proofs of these results are given in Sections 2.1 - 2.5. The first follows directly from
the Frobenius character formula [10, 27],
sλ =
∑
µ, |µ|=|λ|
z−1µ χλ(µ)pµ, (1.33)
where χλ(µ) is the character of the irreducible representation of symmetry type λ evaluated
on the conjugacy class of cycle type µ and
zµ =
|µ|∏
i=1
imi(mi)!, mi = number of parts of µ equal to i (1.34)
is the order of the stabilizer of any element of the conjugacy class µ, together with the
Frobenius-Schur formula [12], [25, Appendix A] expressing the Hurwitz numbers in terms of
Sn group characters
H(µ(1), . . . , µ(k)) =
∑
λ
h(λ)k−2
k∏
i=1
χλ(µ
(i))
zµ(i)
, (1.35)
where
h(λ) := det
(
1
(λi − i+ j)!
)−1
(1.36)
denotes the product of hook lengths in the Young diagram associated to the partition λ.
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The second is based on the use of the Jucys-Murphy elements (J1, . . . ,Jn) [22,28], which
generate a commutative subalgebra within the group algebraC[Sn]. When combined with the
weight generating functionG(z) in a multiplicative way, these provide elements G(z,J ) of the
center Z(C[Sn]) whose eigenvalues are given by the content products (1.14) that define the
coefficients in the double Schur functions expansion (1.15). Applying these central elements
to a basis of Z(C[Sn]) consisting of sums Cµ of the elements of the conjugacy class cyc(µ)
provides the combinatorial interpretation of the weighted Hurwitz numbers F˜ dG(µ, ν) defined
in (1.30). The characteristic map, together with the orthogonality of the Sn characters
provides the identification of these as the coefficients in the expansion (1.31). An alternative,
direct proof of the equalities (1.32), based upon the Cauchy-Littlewood identity for various
pairings of dual bases for the algebra Λ of symmetric functions is given in Section 2.5. In
Section 2.6, the usual fermionic representation of 2D-Toda τ -functions as matrix elements
of fermionic operators is recalled, and the relevant group element expressed in terms of the
weight generating function G(z).
Section 3 deals with examples, showing how the four classical cases mentioned above may
be recovered within the general approach, and introducing three new examples in which the
generating function G(z) is defined in terms of the quantum dilogarithm function Li2(q, z),
leading to weighted paths involving the quantum deformation parameter q.
In Section 4, the weighted Hurwitz numbers for the q-deformed cases are interpreted
as quantum expectation values of Hurwitz numbers. Theorems 4.1, 4.3 and 4.5 give the
forms of the generating τ -functions for coverings with fixed genus, a pair of fixed branch
points with specified ramification profiles (µ, ν), and a variable number of additional branch
points, counted either with positive weight factors, or with signed factors determined by the
parity of the number of branch points. The quantum weight for any configuration of branch
points may be related to the energy distribution function in a quantum Bose gas with energy
spectrum linear in the integers, if the energy is viewed as proportional to the degeneracy
of the covering; i.e., the sum of the colengths ℓ∗(µ(i)) of the ramification profiles. By the
Riemann-Hurwitz formula, fixing the total energy is thus equivalent to fixing the genus of
the covering curve.
2 Hypergeometric τ-functions as generating functions
2.1 τ (G,β)(t, s) as generating function for weighted branched coverings
(proof of Theorem 1.1)
The content product formula (1.11) may be written as
r
(G,β)
λ =
∞∏
k=0
(ckβ)
|λ|
(
1
ckβ
)
λ
(2.1)
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where
(u)λ :=
ℓ(µ)∏
i=1
λi∏
j=1
(u+ j − i) (2.2)
denotes the Pochhammer symbol associated to the partition λ. Let
t(u) := (u,
u
2
,
u
3
, . . . ), t = t∞ := (1, 0, 0, . . . ). (2.3)
denote these two special values for the KP flow parameters t = (t1, t2, . . . ) In the proof of
Theorem 1.1, we use the following lemma (cf. [30]).
Lemma 2.1. The Pochhammer symbol may be expressed as
(u)λ =
sλ(t(u))
sλ(t∞)
=

1 + h(λ) ∑′
µ, |µ|=|λ|
χλ(µ)
zµ
u−ℓ
∗(µ)

 (2.4)
where
∑′
µ,|µ|=|λ|) denotes the sum over all partitions other than the cycle type of the identity
element (1)|λ|.
Proof. This follows from the Frobenius character formula (1.33) evaluated at the special
values (2.3) and the fact that
sλ(t∞) = h(λ)
−1. (2.5)
Proof of Theorem 1.1. Substituting (2.4) into (2.1) the content product formula (1.11)
becomes
r
(G,β)
λ =
∞∏
k=0

1 + h(λ) ∑′
µ, |µ|=|λ|
χλ(µ)
zµ
(βck)
ℓ∗(µ)

 (2.6)
=
∞∑
k=0
∑′
µ(1),...,µ(k)
|µ(i)|=|λ|
∞∑
0≤i1<···<ik
k∏
j=1
h(λ)χ(µ(j))
zµ(j)
βℓ
∗(µ(j))c
ℓ∗(µ(j))
ij
(2.7)
=
∞∑
k=0
∑′
µ(1),...µ(k)
|µ(i)|=|λ|
WG(µ
(1), . . . , µ(k))
k∏
j=1
h(λ)χ(µ(j))
zµ(j)
β
∑k
i=1 ℓ
∗(µ(j)), (2.8)
where Wg(µ
(1), . . . , µ(k)) is as defined in (1.6). Substituting this into (1.15) and using the
Frobenius character formula (1.33) for each of the factors sλ(t)sλ(s) gives
τ (G,β)(t, s) =
∞∑
d=0
βd
∑
µ,ν
|µ|=|ν|
HdG(µ, ν)pµ(t)pν(s), (2.9)
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where HdG(µ, ν) is the weighted Hurwitz number defined in (1.9).
We proceed similarly for the dual weight generating functions G˜. The content product
formula (1.12) for this case may be written as
r
(G˜,β)
λ =
∞∏
k=0

1 + h(λ) ∑′
µ, |µ|=|λ|
χλ(µ)
zµ
(−βck)
ℓ∗(µ)


−1
(2.10)
=
∞∑
k=0
∑′
µ(1),...,µ(k)
|µ(i)|=|λ|
∞∑
0≤i1≤···≤ik
(−1)k
k∏
j=1
h(λ)χ(µ(j))
zµ(j)
(−β)ℓ
∗(µ(j))cijℓ∗(µ(j)) (2.11)
=
∞∑
k=0
(−1)k
∑′
µ(1),...µ(k)
|µ(i)|=|λ|
WG˜(µ
(1), . . . , µ(k))
k∏
j=1
h(λ)χ(µ(j))
zµ(j)
(−β)
∑k
i=1 ℓ
∗(µ(j)). (2.12)
Substituting this into (1.15) and using the Frobenius character formula (1.33) for each of the
factors sλ(t)sλ(s) gives:
τ (G˜,β)(t, s) =
∞∑
d=0
βd
∑
µ,ν
|µ|=|ν|
Hd
G˜
(µ, ν)pµ(t)pν(s), (2.13)
where
Hd
G˜
(µ, ν) :=
∞∑
k=0
(−1)k+d
∑′
µ(1),...µ(k)∑d
i=1 ℓ
∗(µ(i))=d
WG˜(µ
(1), . . . , µ(k))H(µ(1), . . . , µ(k), µ, ν) (2.14)
are the weighted, signed (quantum) Hurwitz numbers that count the number of branched
coverings with genus g given by (3.1) and sum of colengths k, with weightWG˜(z)(µ
(1), . . . , µ(k))
for every branched covering of type (µ(1), . . . , µ(k), µ, ν).
2.2 Jucys-Murphy elements and content products
Developing further the methods introduced in [16, 20], we now show how to use the weight
generating functions in the form (1.22) to construct 2D Toda τ -functions [32–34] that are
generating functions for weighted Hurwitz numbers, counting weighted paths in the Cayley
graph of Sn generated by transpositions. We refer the reader to [16, 20], for further details
on the combinatorial approach and additional examples.
Let (a b) ∈ Sn denote the transposition interchanging the elements a and b. The Jucys-
Murphy elements [7, 22, 28] of the group algebra C[Sn] are
Jb :=
b−1∑
a=1
(a b), b = 1, . . . , n, (2.15)
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which generate a commutative subalgebra. To the weight generating function G(z), we asso-
ciate a 1-parameter family of elements G(z,J ) of the center of the group algebra Z(C[Sn])
by forming the product
G(β,J ) :=
n∏
a=1
G(βJa). (2.16)
Under multiplication, such elements determine endomorphisms of Z(C[Sn]) that are diagonal
in the basis {Fλ} of orthogonal idempotents,
G(β,J )Fλ = r
(G,β)
λ Fλ, (2.17)
where the parametric family of eigenvalues r
G(z)
λ are given by the content product formulae
[16, 20, 30],
r
(G,β)
λ
:=
∏
(i,j)∈λ
G(β(j − i)) (2.18)
taken over the coordinates of the boxes contained in the Young diagram of the partition λ
of weight |λ| = n.
Ref. [16] shows how to use such elements to define parametric families of 2D Toda τ -
functions of the form (1.22) that serve as generating functions for combinatorial invariants
enumerating certain paths in the Cayley graph of Sn generated by all transpositions.
Remark 2.1. No dependence on the lattice site N ∈ Z is indicated in (1.15), since in the examples
considered below only N = 0 is required. TheN dependence is introduced in a standard way [19,30],
by replacing the factor G(z(j − i)) in the content product formula (2.18) by G(z(N + j − i)), and
multiplying by an overall λ-independent factor r
G(z)
0 (N). This produces a lattice of 2D Toda τ -
functions τG(N, t, s) which, for all the cases considered below, may be explicitly expressed in terms
of τG(0, t, s) =: τG(t, s) by applying a suitable transformation of the parameters involved [20, 29],
and an explicit multiplicative factor depending only on N .
Substituting the Frobenius character formula (1.33) into (1.15), we obtain an equivalent
expansion in terms of products of power sum symmetric functions and a power series in β,
τ (G,β)(t, s) =
∞∑
d=0
∑
µ,ν
|µ|=|ν|
βdF dG(µ, ν)pµ(t)pν(s). (2.19)
The coefficients F dG(µ, ν) will be interpreted in the proof of Theorem 1.2 below as the weighted
enumerations of paths in the Cayley graph starting in the conjugacy class of cycle type ν and
ending in the class of type µ. The geometric interpretation will also be given, in Section 2.1
below, as weighted Hurwitz numbers enumerating n = |µ| = |ν| sheeted branched covers of
the Riemann sphere.
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2.3 Weighted paths in the Cayley graph
For any partition λ = (λ1 ≥ · · · ≥ λℓ(λ > 0), let
mλ(J ) =
1
|aut(λ)|
∑
σ∈Sℓ(λ)
∑
1≤b1<···<bℓ(λ)≤n
J λ1
bσ(1)
· · · J
λℓ(λ)
bσ(ℓ(λ))
(2.20)
be the monomial sum symmetric function evaluated on the Jucys-Murphy elements.
Lemma 2.2. For any weight generating function G(z), we have the following expansion for
G(z,J ):
G(β,J ) =
∑
λ
Gλ mλ(J )β
|λ|, (2.21)
where
Gλ :=
∏
i≥1
(Gi)
mi =
ℓ(λ)∏
i=1
Gλi = eλ(c), (2.22)
with mi the number of parts of λ equal to i.
Proof.
G(β,J ) =
n∏
a=1
(
∞∑
k=0
Gkβ
kJ ka
)
=
(
∞∑
k1=0
Gk1β
k1J k11
)
· · ·
(
∞∑
kn=0
Gknβ
knJ knn
)
=
∞∑
d=0
βd
∑
λ, |λ|=d
∑
b1,...,bℓ(λ)

ℓ(λ)∏
i=1
GλiJ
λi
bi


=
∑
λ
Gλ mλ(J )β
|λ|. (2.23)
Remark 2.2. Lemma 2.2 may be understood as expressing the dual version of the Cauchy-
Littlewood formula [27], generating a sum over diagonal products of the elements of the symmetric
function bases {eλ} and {mλ}, ∏
i,j
(1 + xiyj) =
∑
λ
eλ(x)mλ(y), (2.24)
with the indeterminates {xi}i=1,...,∞ replaced by the parameters {ci}i=1,...,∞ and the yj’s by {βJj}j=1,...n,
since the weights Gλ are, by (1.27), the evaluations of the elements eλ at the parameter values
c = (c1, c2, . . . ). A similar evaluation of the Cauchy Littlewood formula for the dual bases {hλ}
and {mλ} ∏
ij
(1− xiyj)
−1 =
∑
λ
hλ(x)mλ(y) (2.25)
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gives the corresponding relation for the dual weight generating function
G˜(β,J ) =
∑
λ
G˜λ mλ(J )β
|λ|, (2.26)
with
G˜λ = hλ(c). (2.27)
This approach is more fully detailed in Section 2.5.
Let cyc(µ) ⊂ Sn denote the conjugacy class consisting of elements with cycle lengths
equal to the parts µi of the partition µ. The number of elements in cyc(µ) is:
|cyc(µ)| =
|µ|!
zµ
. (2.28)
The transpositions are denoted (a b), with a and b distinct elements of {1, . . . , n}, ordered
by convention with a < b.
Definition 2.1. A d-step path in the Cayley graph of Sn (generated by all transpositions) is
an ordered sequence
(h, (a1 b1)h, (a2 b2)(a1 b1)h, . . . , (ad bd) · · · (a1 b1)h) (2.29)
of d + 1 elements of Sn, where consecutive elements differ by composition on the left with
a transposition (ai bi). The path is said to start at the permutation h and end at the
permutation g := (ad bd) · · · (a1 b1)h. If h ∈ cyc(ν) and g ∈ cyc(µ), the path will be referred
to as going from cyc(ν) to cyc(µ).
Definition 2.2. If the sequence b1, b2, . . . , bd is either weakly or strictly increasing, then the
path is said to be weakly (resp. strictly) monotonic.
Definition 2.3. The signature of the path (2.29) is the partition λ of weight |λ| = d whose
parts are equal to the number of times each particular number bi appears in the sequence
b1, b2, . . . , bd, expressed in weakly decreasing order.
Let {Cµ} denote the basis of the center Z(C[Sn]) of the group algebra C[Sn] consisting
of the sums over the elements of cyc(µ)
Cµ =
∑
g∈cyc(µ)
g. (2.30)
The following result follows from a simple counting argument.
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Lemma 2.3. Multiplication by mλ(J ) defines an endomorphism of Z(C[Sn]) which, ex-
pressed in the {Cµ} basis, is given by
mλ(J )Cµ =
1
|µ|!
∑
ν, |ν|=|µ|
mλµνzνCν , (2.31)
where mλµν is the number of monotonic |λ|-step paths in the Cayley graph of Sn from cyc(ν)
to cyc(µ) with signature λ.
Remark 2.3. Note that in the expansion above, we must have |µ| = |ν|, but there is no restriction
on |λ|.
Remark 2.4. The enumerative constants mλµν may be interpreted in another way, that is perhaps
more natural, since it puts no restrictions on the monotonicity of the path. By careful application
of the standard braid group action on the steps of a path in the Cayley graph, one can associate
a unique monotonic path with the same starting and ending points and the same signature. By
counting the number of distinct rearrangements of a sequence b1, b2, . . . , bd with signature λ, it
follows that the total number m˜λµν of |λ|-step paths in the Cayley graph from cycµ to cyc(ν) with
signature λ is related to its monotonic counterpart by
m˜λµν :=
|λ|!∏ℓ(λ)
i=1 λi!
mλµν . (2.32)
Assign weight
G˜λ :=

ℓ(λ)∏
i=1
λi!

 Gλ (2.33)
to any such path of signature λ. Then
F˜ dG(µ, ν) :=
∑
λ, |λ|=d
G˜λm˜
λ
µν = d!F
d
G(µ, ν) (2.34)
is the weighted sum over all d-step paths, where
F dG(µ, ν) :=
1
|ν|!
∑
λ, |λ|=d
Gλm
λ
µν . (2.35)
It then follows from Lemmas 2.2 and 2.3 that
Proposition 2.4.
G(z,J )Cµ =
∞∑
d=0
zd
∑
ν, |ν|=|µ|
F dG(µ, ν)zνCν . (2.36)
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2.4 τG(z)(t, s) as generating function for weighted paths (proof of
Theorem 1.2)
For each choice of G(z), we define the corresponding 2D Toda τ -function of generalized
hypergeometric type (for N = 0) by the formal series (1.15). It follows from general consid-
erations [19, 24, 30, 33] that this is indeed a double KP τ -function and that, when extended
suitably to a lattice τG(z)(N, t, s) of such τ -functions, it satisfies the corresponding system
of Hirota bilinear equations of the 2D Toda hierarchy [32–34].
Substituting the Frobenius character formula (1.33) for each of the factors sλ(t)sλ(s) into
(1.15), and the corresponding relation between the bases {Cµ} and {Fλ}
Fλ = h(λ)
−1
∑
µ, |µ|=|λ|
χλ(µ)Cµ (2.37)
into eqs. (2.36) and (2.17), equating coefficients in the Cµ basis, and using the orthogonality
relation for the characters ∑
µ, |µ|=|λ|
χλ(µ)χρ(µ) = zµδλρ, (2.38)
we obtain the expansion
τG(z)(t, s) =
∞∑
d=0
∑
µ,ν,
|µ|=|µ|
zd
d!
F˜ dG(µ, ν)pµ(t)pν(s), (2.39)
with F˜ dG(µ, ν) defined as in eq. (2.34), proving Theorem 1.2.
2.5 Direct proof of Corollary 1.3: Cauchy Littlewood identity
There is an alternative way to prove the equalities (1.32), starting from the Cauchy-Littlewood
(CL) identity [27] ∏
a
∏
b
(1− xayb)
−1 =
∑
λ
sλ(x)sλ(y) (2.40)
and its dual ∏
a
∏
b
(1 + xayb) =
∑
λ
sλ(x)sλ′(y), (2.41)
(where λ′ denotes the dual partition whose Young diagram is the transpose of that of λ).
In these purely formal combinatorial identities, the variables {xa} and {yb} may be
elements of any commutative ring, the set of indices {a} and {b}, need not be the same,
and they may be finite or infinite. Moreover, the identities may be rewritten in a variety
of equivalent ways, involving not just the Schur functions, but any pair {uλ}, {vλ} of dual
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bases for the ring of symmetric functions under the pairing defined by the standard scalar
product, in which the Schur functions are orthonormal:
(uλ, vµ) = δλµ. (2.42)
In particular, we have the following alternative forms [27] of CL∏
a
∏
b
(1− xayb)
−1 =
∑
λ
hλ(x)mλ(y) (2.43)
=
∑
λ
fλ(x)eλ(y) (2.44)
and its dual: ∏
a
∏
b
(1 + xayb) =
∑
λ
eλ(x)mλ(y) (2.45)
=
∑
λ
mλ(x)eλ(y) (2.46)
Evaluating the identities (2.45), (2.46), with the indeterminates {xa} replaced by the param-
eters c defining the weights generating function G and its dual G˜ while the indeterminates
{yb} are chosen as the Jucys-Murphy elements (J1, . . . ,Jn), and using (2.16) gives
G(β,J ) =
∑
λ
eλ(c)mλ(J )β
|λ| (2.47)
=
∑
λ
mλ(c)eλ(J )β
|λ|. (2.48)
Similarly evaluating (2.43), (2.44) gives
G˜(β,J ) =
∑
λ
hλ(c)mλ(J )β
|λ|, (2.49)
=
∑
λ
fλ(c)eλ(J )β
|λ|. (2.50)
The combinatorial definition of the Hurwitz numbers is equivalent to the formula
1
n!
[Id]
k∏
i=1
Cµ(i) = H(µ
(1), . . . , µ(k)), (2.51)
where [Id] means taking the component of the identity element within the cycle sum basis
{Cν} of Z(C[Sn]), and n = |µ
(i)| is the number of sheets in the enumerated covers. More
generally, we have the following expression for the product
∏k
i=1Cµ(i) in the {Cν} basis
k∏
i=1
Cµ(i) =
∑
ν, |µ|=|µ(i)
H(µ(1), . . . , µ(k), ν)zνCν . (2.52)
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This is equivalent to the Frobenius-Schur formula eq. (1.35), as can be seen by substituting
the inverse
Cµ(i) = z
−1
µ(i)
∑
λ(i), |λ(i)|=|µ(i)|
hλχλ(µ
((i))Fλ (2.53)
of the basis change relation (2.37) into (2.52), using the orthogonal idempotency relations
Fλ(i)Fλ(j) = δλ(i)λ(j)Fλ(i) (2.54)
and reverting to the {Cν} basis.
Similarly to Theorem 2.3, we have the following expression for eλ(J )Cµ
Lemma 2.5. Multiplication of the elements of the basis {Cµ} by eλ(J ) gives
eλ(J )Cµ =
∑
µ(1),..., µ(k),
{ℓ∗(µ(i)=λi}
k∏
i=1
Cµ(i)Cµ. (2.55)
Proof. As shown in [22], the elementary symmetric polynomials ek(J ) in the Jucys-Murphy
elements (J1, . . . ,Jn) are equal to the sum over the elements of Sn consisting of products of
n− k cycles
ek(J ) =
∑
µ,
ℓ∗(µ)=k
Cµ. (2.56)
Substitution in
eλ(J ) =
k∏
i=1
eλi(J ) (2.57)
gives (2.55).
It follows from eqs. (1.6), (1.9), (1.27), (1.30), (2.52) and Lemmas 2.3 and 2.5 that
F dG(µ, ν) = [β
dCν]
∑
λ
eλ(c)mλ(J )β
|λ|Cµ, (2.58)
HdG(µ, ν) = [β
dCν]
∑
λ
mλ(c)eλ(J )β
|λ|Cµ, (2.59)
and hence, by (2.47), (2.48), they are equal. Similarly applying (2.49) and (2.50) proves the
dual case from
F d
G˜
(µ, ν) = [βdCν ]
∑
λ
hλ(c)mλ(J )β
|λ|Cµ, (2.60)
Hd
G˜
(µ, ν) = [βdCν ]
∑
λ
fλ(c)eλ(J )β
|λ|Cµ. (2.61)
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2.6 Fermionic representation
Double KP τ -functions of the form (1.15) also have a Fermionic representation [16,19,20,30]
τG(t, s) = 〈0|γˆ+(t)CˆG(β)γˆ−(s)|0〉 (2.62)
where the Fermionic operator CˆG, γˆ+(t) and γˆ−(s) are defined by
CˆG = e
∑∞
j=−∞ T
G
j (β):ψjψ
†
j : (2.63)
γˆ+(t) = e
∑∞
i=1 tiJi, γˆ−(s) = e
∑∞
i=1 siJi , Ji =
∑
k∈Z
ψkψ
†
k+i, i ∈ Z, (2.64)
in terms of the Fermionic creation and annihilation operators {ψi, ψ
†
i }i∈Z, acting on the
Fermionic Fock space,
F =
⊕
N∈Z
FN (N = vacuum charge), (2.65)
satisfying the usual anticommutation relations
[ψi, ψ
†
j ]+ = δij (2.66)
and vacuum state |0〉 vanishing conditions
ψi|0〉 = 0, for i < 0, ψ
†
i |0〉 = 0, for i ≥ 0, (2.67)
and the parameters TGj (β) are defined by
TGj (β) =
j∑
k=1
lnG(βk), TG0 (β) = 0, T
G
−j(β) = −
j−1∑
k=0
lnG(−βk) for j > 0. (2.68)
This follows from the fact that CˆG is diagonal in the basis {|λ;N〉}
CˆG(β)|λ;N〉 = r
(G,β)
λ (N)|λ;N〉 (2.69)
with eigenvalues
r
(G,β)
λ (N) := r
(G,β)
0 (N)
∏
(i,j)∈λ
G(β(N + j − i)), (2.70)
r
(G,β)
0 (N) =
N−1∏
j=1
G((N − j)β)j, r0(0) = 1, r
(G,β)
0 (−N) =
N∏
j=1
G((j −N)β)−j , N > 1.
(2.71)
Eq. (2.69) means that the map
F :
⊕
n≥0
Z(C[Sn])→ F0
F : Fλ 7→
1
hλ
|λ; 0〉
(2.72)
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intertwines the action of the abelian group of elements of the form CˆG on F0 with the action
of the group of elements G(z,J ) ∈ Z(C(Sn]) by multiplication on the direct sum of the
centers Z(C[Sn]) of the Sn group algebras [16].
More generally, using the charge N vacuum state
|N〉 = ψN−1 · · ·ψ0|0〉, |−N〉 = ψ
†
−N · · ·ψ
†
−1|0〉, N ∈ N
+, (2.73)
we may define a 2D Toda lattice of τ -functions by
τG,β)(N, t, s) = 〈N |γˆ+(t)CˆG(β)γˆ−(s)|N〉 (2.74)
=
∑
λ
rGλ (N)sλ(t)sλ(s). (2.75)
These satisfy the infinite set of Hirota bilinear equations for the 2D Toda lattice hierarchy
[32–34].
3 Examples: classical and quantum
3.1 Classical counting of paths: combinatorial Hurwitz numbers
The following four examples were studied in ref. [13, 14, 16, 20, 29]. The interpretation of
the associated τ -functions as generating functions for weighted enumeration of paths and as
Hurwitz numbers for various types of branched covers of CP1 of fixed genus will be recalled
in what follows.
Example 3.1. Simple double Hurwitz numbers [29]. This case is Okounkov’s simple double
Hurwitz numbers [29], which enumerate n = |µ| = |ν| sheeted branched coverings of the Riemann
sphere, with ramification types µ and ν at 0 and ∞, d additional simple branch points and genus
g given by the Riemann-Hurwitz formula
2− 2g = ℓ(µ) + ℓ(ν)− d. (3.1)
The weight generating function G(z) in this case is just the exponential function. The parameters
entering into the associated τ -function are as follows.
G(z) = exp(z) := ez =
∞∑
i=1
zi
i!
, expi =
1
i!
, expλ =
1∏ℓ(λ)
i=1 λi!
(3.2)
exp(β,J ) = eβ
∑n
b=1 Jb =
∞∑
k=0
βd
d!
(
n∑
b=1
Jb
)d
(3.3)
=
∞∑
d=0
βd
∑
λ, |λ|=d

ℓ(λ)∏
i=1
(λi)!


−1
mλ(J ) (3.4)
r
(exp,β)
j = e
jβ, rexpλ (β) = e
β
2
∑ℓ(λ)
i=1 λi(λi−2i+1), T expj =
1
2
j(j + 1)β. (3.5)
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Remark 3.1. This case is, in a sense, exceptional because the infinite product form (1.2) of the
generating functions must be interpreted as a limit
ez = lim
k→∞
(1 +
1
k
z)k (3.6)
and the sums (1.15), (1.20) understood in the weak sense (i.e., with the limit taken under the
summation signs).
For this case
F˜ dexp(µ, ν) = d!
∑
λ, |λ|=d

ℓ(λ)∏
j=1
(λ!)


−1
mλµν =
∑
λ, |λ|=d
m˜λµν (3.7)
is the total number of (d+1)-term products (a1 b1) · · · (ad bd)g such that g ∈ cyc(µ) and the product
(a1 b1) · · · (ad bd)g ∈ cyc(ν); i.e., the number of (unordered) sequences of d transpositions leading
from the class of type µ to the class of type ν. Equivalently, it may be viewed as the number of
d-step paths in the Cayley graph of Sn generated by all transpositions, from the conjugacy class of
cycle type µ to the class of cycle type ν.
Example 3.2. Monotonic double Hurwitz numbers [16, 20].
G(z) = E(z) := 1 + z, Ei = δ1i, for i ≥ 1, eλ = δλ,(1|λ|) (3.8)
E(β,J ) =
n∏
a=1
(1 + βJa), (3.9)
r
(E,β)
j = 1 + βj, r
(E,β)
λ =
∏
(i,j)∈λ
(1 + β(j − i)) = β|λ| (1/β)λ (3.10)
TEj (β) =
j∑
i=1
ln(1 + iβ), TE−j(β) = −
j−1∑
i=1
ln(1− iβ), j > 0, (3.11)
where
(u)λ :=
ℓ(λ)∏
i=1
(u− i+ 1)λi (3.12)
is the multiple Pochhammer symbol corresponding to the partition λ.
In this case we have ∑
λ,|λ|=d
eλmλ(J ) =
∑
b1<···<bd
Jb1 · · · Jbd (3.13)
and the coefficient F dE(µ, ν) is
F dE(µ, ν) = m
(1)d
µν , (3.14)
which enumerates all d-step paths in the Cayley graph of Sn starting at an element in the conjugacy
class of cycle type ν and ending in the class of type µ, that are strictly monotonically increasing in
their second elements [16].
Equivalently [20], this equals the double Hurwitz numbers for Belyi curves, [4, 23, 35], which
enumerate n-sheeted branched coverings of the Riemann sphere having three ramification points,
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with ramification profile types µ and ν at 0 and ∞, and a single additional branch point, with
ramification profile µ(1) having colength
ℓ∗(µ(1)) := n− ℓ(µ(1)) = d (3.15)
i.e., with n− d preimages. The genus is again given by the Riemann-Hurwitz formula (3.1).
Example 3.3. Multimonotonic double Hurwitz numbers [20].
G(z) = E(z)k := (1 + z)k, Eki =
(
k
i
)
, ekλ =
ℓ(λ)∏
i=1
(
k
λi
)
(3.16)
E(β,J )k =
n∏
a=1
(1 + βJa)
k, (3.17)
r
(Ek,β)
j = (1 + βj)
k, r
(Ek,β)
λ =
∏
(i,j)∈λ
(1 + β(j − i))k = βk|λ|((1/β)λ)
k, (3.18)
TE
k
j (β) = k
j∑
i=1
ln(1 + iz), TE
k
−j (β) = −k
j−1∑
i=1
ln(1− iβ), j > 0. (3.19)
∑
λ,|λ|=d
Ekλmλ(J ) =
∑
λ,|λ|=d

ℓ(λ)∏
i=1
(
k
λi
)mλ(J )
= [zd]
n∏
a=1
(1 + zJa)
k (3.20)
where [zd] means the coefficient of zd in the polynomial.
The coefficient
F d
Ek
(µ, ν) =
∑
λ,|λ|=k

ℓ(λ)∏
i=1
(
k
λi
)mλµν (3.21)
is the number of (d + 1)-term products (a1 b1) · · · (ad bd)g such that g ∈ cyc(µ), while the product
(a1 b1) · · · (ad bd)g ∈ cyc(ν), and which consist of a product of k consecutive subsequences, each of
which is strictly monotonically increasing in the second elements of each (ai bi) [16,20].
Equivalently, they are double Hurwitz numbers that enumerate n-sheeted branched coverings of
the Riemann sphere with ramification profile types µ and ν at 0 and∞, and (at most) k additional
branch points, such that the sum of the colengths of their ramification profile types (i.e., the
“defect” in the Riemann Hurwitz formula (3.1)) is equal to d:
k∑
i=1
ℓ∗(µ(i)) = kn−
k∑
i=1
ℓ(µ(i)) = d. (3.22)
This amounts to counting covers with the genus fixed by (3.1) and the number of additional branch
points fixed at k, but no restriction on their simplicity.
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Example 3.4. Weakly monotonic double Hurwitz numbers [13, 14, 16]. This is the dual
E˜ of the weight generating function of example 3.2.
G(z) = H(z) :=
1
1− z
= E˜(z), Hi = 1 for i ≥ 1, hλ = 1 ∀λ (3.23)
H(β,J ) =
n∏
a=1
(1− βJa)
−1, (3.24)
r
(H,β)
j = (1 − βj)
−1, rHλ (β) =
∏
(i,j)∈λ
(1− β(j − i))−1 = (−β)−|λ|((−1/β)λ)
−1, (3.25)
THj (β) = −
j∑
i=1
ln(1− iβ), TE−j(β) =
j−1∑
i=1
ln(1 + iβ), j > 0. (3.26)
We now have ∑
λ,|λ|=d
Gλmλ(J ) =
∑
b1≤···≤bd
Jb1 · · · Jbd . (3.27)
and
F dH(µ, ν) =
∑
λ, |λ|=k
mλµν (3.28)
is the number of number of (d+1)-term products (a1 b1) · · · (ad bd)g that are weakly monotonically
increasing, such that g ∈ cyc(µ) and (a1 b1) · · · (ad bd)g ∈ cyc(ν). These enumerate d-step paths in
the Cayley graph of Sn from an element in the conjugacy class of cycle type µ to the class of cycle
type ν, that are weakly monotonically increasing in their second elements [16].
Equivalently, they are double Hurwitz numbers for n-sheeted branched coverings of the Riemann
sphere with branch points at 0 and ∞ having ramification profile types µ and ν, and an arbitrary
number of further branch points, such that the sum of the colengths of their ramification profile
lengths is again equal to d
k∑
i=1
ℓ∗(µ(i)) = kn−
k∑
i=1
ℓ(µ(i)) = d. (3.29)
The latter are counted with a sign, which is (−1)n+d times the parity of the number of branch
points [20]. The genus is again given by (3.1).
3.2 Quantum combinatorial Hurwitz numbers
In this subsection, we introduce three new examples involving weighted enumeration of
paths in the Cayley graph of the symmetric group, which can also be interpreted as weighted
enumeration of configurations of branched covers of the Riemann sphere. Each can be viewed
as a q-deformation of one the classical examples. Because of the similarity of the weighting
to that of a quantum Bosonic gas, the resulting weighted sums will be identified as quantum
Hurwitz numbers.
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Example 3.5. E(q). Quantum Hurwitz numbers (i).
G(z) =E(q, z) :=
∞∏
k=0
(1 + qkz) =
∞∑
i=0
Ei(q)z
i, (3.30)
Ei(q) :=
q
1
2
i(i−1)∏i
j=1(1− q
j)
, i ≥ 1, Eλ(q) =
ℓ(λ)∏
i=1
q
1
2
λi(λi−1)∏λi
j=1(1− q
j)
(3.31)
E(q, β,J ) =
n∏
a=1
∞∏
k=0
(1 + qkβJa), (3.32)
r
(E(q),β)
j =
∞∏
k=0
(1 + qkβj), (3.33)
r
(E(q),β)
λ =
∞∏
k=0
∏
(i,j)∈λ
(1 + qkβ(j − i)) =
∞∏
k=0
(zqk)|λ|(1/(zqk))λ (3.34)
T
E(q)
j (β) = −
j∑
i=1
Li2(q,−βi), T
E(q)
−j (β) =
j∑
i=0
Li2(q, βi), j > 0. (3.35)
This weight generating function is related to the quantum dilogarithm function by
E(q, z) = e
−
(
1
1−q
)
Li2(q,−z), Li2(q, z) := (1− q)
∞∑
k=1
zk
k(1− qk)
. (3.36)
The coefficients Ei(q) are themselves generating functions for the number of partitions having
exactly i or i− 1 parts, all distinct. The coefficient F d
E(q)(µ, ν) is
F dE(q)(µ, ν) =
∑
λ, |λ|=d
Eλ(q)m
λ
µν = (d!)
−1
∑
λ, |λ|=d
E˜λ(q) m˜
λ
µν (3.37)
Its combinatorial interpretation is, as explained in Section 2.3, as a weighted enumeration of paths
in the Cayley graph of Sn from the conjugacy class of type µ to the class ν, where paths of signature
λ have weighting factor Eλ(q). The geometric interpretation will be detailed in Theorem 4.1.
Remark 3.2. The definition of the quantum dilogarithm is not uniform in the literature. What is
referred to in [11] as the quantum dilogarithm is
Ψ(z) := E(q,−z) = e−
1
1−q
Li2(q,z). (3.38)
The notation Li2(q, z) used here is natural since, for q = e
−ǫ, |q| < 1, the leading term as ǫ → 0
coincides with the classical dilogarithm in the rescaled argument z
ǫ
:
Li2(q, z) ∼
∞∑
m=1
(z
ǫ
)m
m2
= Li2
(z
ǫ
)
. (3.39)
A slight modification of this is obtained by removing the q0 term in the product, giving the
weight generating function
E′(q, z) :=
∞∏
k=1
(1 + qkz). (3.40)
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The relevant coefficients in the weighted expansions are thus modified to
E′i(q) :=
q
1
2
i(i+1)∏i
j=1(1− q
j)
, i ≥ 1, E′λ(q) =
ℓ(λ)∏
i=1
q
1
2
λi(λi+1)∏λi
j=1(1− q
j)
(3.41)
E′(q,J ) =
n∏
a=1
∞∏
k=1
(1 + qkzJa), (3.42)
r
(E′(q),β)
j =
∞∏
k=1
(1 + qkβj), (3.43)
r
(E′(q),β)
λ =
∞∏
k=1
∏
(i,j)∈λ
(1 + qkβ(j − i)) =
∞∏
k=1
(βqk)|λ|(1/(βqk))λ (3.44)
The coefficient F d
E′(q)(µ, ν) is
F dE′(q)(µ, ν) =
∑
λ, |λ|=d
E′λ(q)m
λ
µν = (d!)
−1
∑
λ, |λ|=d
E˜′λ(q) m˜
λ
µν (3.45)
Its combinatorial interpretation is the same as in the previous case, with the weighting factor Eλ(q)
replaced by E′λ(q).
It may be viewed as weighted sums over branched covers, in which the weights are closely
related to distributions for Bosonic gases, with the parameter q interpreted as
q = e
−
~ω0
kBT , (3.46)
for some fundamental frequency ω0 and linear energy spectrum, with the energy levels proportional
to the total ramification defect. The case E′(q) is obtained by removal of the zero energy levels,
giving a distribution that more closely resembles that of the Bosonic gas. In the classical limit
q → 1, we recover Example 3.1. For a detailed study of the leading term semiclassical asymptotics,
see [21].
Example 3.6. H(q). Quantum Hurwitz numbers (ii). This is the dual E˜(q) of the weight
generating function of Example 3.5.
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G˜(z) = H(q, z) :=
∞∏
k=0
(1− qkz)−1 = E˜(q, z) =
∞∑
i=0
Hi(q)z
i, (3.47)
Hi(q) :=
1∏i
j=1(1− q
j)
, Hλ(q) =
ℓ(λ)∏
i=1
1∏λi
j=1(1− q
j)
(3.48)
H(q, β,J ) =
∞∏
k=0
n∏
a=1
(1− qkβJa)
−1, (3.49)
r
(H(q),β)
j =
∞∏
k=0
(1− qkβj)−1, (3.50)
r
(H(q),β)
λ =
∞∏
k=0
∏
(i,j)∈λ
(1− qkβ(j − i))−1 =
∞∏
k=0
(−1/(βqk))−|λ|(−1/(βqk))−1λ . (3.51)
T
H(q)
j (β) =
j∑
i=1
Li2(q, βi), T
H(q)
−j (β) = −
j−1∑
i=1
Li2(q,−βi), j > 0. (3.52)
The coefficients Hi(q) of the weight generating function in this case are generating functions
for the number of partitions having at most i parts, which need not be distinct. The modification
corresponding to removing the zero energy level state is based similarly on the generating function
H ′(q, z) :=
∞∏
k=1
(1− qkz)−1. (3.53)
The coefficient F dH(µ, ν) is
F dH(q)(µ, ν) =
∑
λ, |λ|=d
Hλ(q)m
λ
µν = (d!)
−1
∑
λ, |λ|=d
H˜λ(q) m˜
λ
µν (3.54)
Its combinatorial interpretation is the same as in the previous cases, as the weighted enumeration
of paths in the Cayley graph of Sn from the conjugacy class of type µ to the class ν where paths
of signature λ have weighting factor Hλ(q).
The geometric interpretation is detailed in Theorem 4.3. It may be viewed as a signed version
of the weighted Hurwitz numbers associated to the Bose gas interpretation, with the sign again
determined by the parity of the number of branch points. In the classical limit q → 1, we again
recover Example 3.1.
Example 3.7. Q(q, p). Double quantum Hurwitz numbers. This is the composite of exam-
ples 3.5 and 3.6, with the weight generating function formed from their product, with two different
quantum deformation parameters q and p.
G(z) = Q(q, p, z) := E(q, z)H(p, z) =
∞∏
k=0
(1 + qkz)(1− pkz)−1 =
∞∑
i=0
Qi(q, p)z
i, (3.55)
Qi(q, p) :=
i∑
m=0
q
1
2
m(m−1)

 m∏
j=1
(1− qj)
i−m∏
j=1
(1− pj)


−1
, Qλ(q, p) =
ℓ(λ)∏
i=1
Qλi(q, p),
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(3.56)
Q(q, p, β,J ) = E(q, β,J )H(p, β,J ), (3.57)
r
Q(q,p),β)
j =
∞∏
k=0
1 + qkβj
1− pkβj
, (3.58)
r
Q(q,p),β)
λ =
∞∏
k=0
∏
(i,j)∈λ
1 + qkβ(j − i)
1− pkβ(j − i)
=
∞∏
k=0
(−q/p)k|λ|
(1/(βqk))λ
(−1/(βpk))λ
, (3.59)
T
Q(q,p)
j (β) =
j∑
i=1
Li2(p, βi)−
j∑
i=1
Li2(q,−βi),
T
Q(q,p)
−j (β) = −
j−1∑
i=1
Li2(p,−βi) +
j−1∑
i=1
Li2(q, βi), j > 0. (3.60)
The coefficient F d
Q(q,p)(µ, ν) is
F dQ(q,p)(µ, ν) =
∑
λ, |λ|=d
Qλ(q, p)m
λ
µν = (d!)
−1
∑
λ, |λ|=d
Q˜λ(q, p) m˜
λ
µν . (3.61)
Geometrically, these are interpreted in Theorem 4.5. as the composite of two types of weighted
enumerations; i.e., two species of branch points, one of which is counted with the weight corre-
sponding to a Bosonic gas as in Example 3.5, the other counted, as in Example 3.6, with signs
determined by the parity of the number of such branch points. In the classical limit q → 1, p→ 1,
we again recover Example 3.1.
3.3 Generating functions for Hurwitz numbers: classical counting
of branched covers
For Example 3.1, the generating τ -function is
τ (exp,β)(t, s) =
∑
λ
e
β
2
∑ℓ(λ)
i=1 λi(λi−2i+1)sλ(t)sµ(s)
=
∞∑
d=0
∑
µ,ν, |µ|=|ν|
Hdexp(µ, ν)β
dpµ(t)pν(s), (3.62)
where
Hdexp(µ, ν) =
1
d!
H(µ(1) = (2, 1n−2), . . . , µ(d) = (2, 1n−2), µ, ν) (3.63)
is 1
d!
times Okounkov’s double Hurwitz number Covd(µ, ν) [29]; that is, the number of n =
|µ| = |ν| sheeted branched covers with branch points of ramification type µ and ν at the
points 0 and ∞, and d further simple branch points.
For Example 3.2, the generating τ -function is [16, 20]
τ (E,β(t, s) =
∑
λ
z|λ|(β−1)λsλ(t)sµ(s)
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=
∞∑
d=0
βd
∑
µ,ν, |µ|=|ν|
HdE(µ, ν)pµ(t)pν(s), (3.64)
where
HdE(µ, ν) =
∑
µ(1), ℓ∗(µ1)=d
H(µ(1), µ, ν) (3.65)
is now interpreted as the number of n = |µ| = |ν| = |µ(1)| sheeted branched covers with
branch points of ramification type µ and ν at 0 and ∞, and one further branch point, with
colength ℓ∗(µ(1)) = d; i.e., the case of Belyi curves [4, 20, 23, 35] or dessins d’enfants.
For Example 3.3, the generating τ -function is [20] is
τ (E
k ,β)(t, s) =
∑
λ
β |λ|(1/β)λsλ(t)sµ(s)
=
∞∑
d=0
βd
∑
µ,ν, |µ|=|ν|=n
HdEk(µ, ν)pµ(t)pν(s), (3.66)
where
HdEk(µ, ν) =
∑
µ(1),...,µ(k)∑k
i=1 ℓ
∗(µi)=d
H(µ(1), . . . µ(k), µ, ν) (3.67)
is now interpreted [20] as the number of n = |µ| = |ν| = |µ(i)| sheeted branched covers with
branch points of ramification type µ and ν at 0 and ∞, and (at most) k further branch
points, the sums of whose colengths is d.
For Example 3.4, the generating τ -function is [16, 20]
τ (H,β)(t, s) =
∑
λ
(−β)|λ|
(
−β−1
)
λ
sλ(t)sµ(s)
=
∞∑
d=0
βd
∑
µ,ν, |µ|=|ν|
HdH(µ, ν)pµ(t)pν(s) (3.68)
where
HdH(µ, ν) = (−1)
n+d
∞∑
j=1
(−1)j
∑
µ(1),...,µ(j)∑j
i=1 ℓ
∗(µi)=d
H(µ(1), . . . µ(j), µ, ν) (3.69)
is now interpreted as the signed counting of n = |µ| = |ν| sheeted branched covers with
branch points of ramification type µ and ν at 0 and ∞, and any number further branch
points, the sum of whose colengths is d, with sign determined by the parity of the number
of branch points [20].
For each of the four cases G = exp, E, Ek and H , we have thus shown the equality
F dG(µ, ν) = H
d
G(µ, ν) (3.70)
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between the combinatorial weighted path enumeration and the weighted (signed) branched
covering enumeration.
3.4 The τ-functions τ (E(q),β), τ (H(q),β) and τ (Q(q,p),β) as generating func-
tions for enumeration of quantum paths
The particular cases
τ (E(q),β)(t, s) :=
∑
λ
r
(E(q),β)
λ sλ(t)sλ(s) (3.71)
=
∞∑
d=0
∑
µ,ν
|µ|=|ν|
βdF dE(q)(µ, ν)pµ(t)pν(s), (3.72)
τ (H(q),β)(t, s) :=
∑
λ
r
(H(q),β)
λ sλ(t)sλ(s) (3.73)
=
∞∑
d=0
∑
µ,ν
|µ|=|ν|
zdF dH(q)(µ, ν)pµ(t)pν(s), (3.74)
τ (Q(q,p),β)(t, s) :=
∑
λ
r
(Q(q,p),β)
λ sλ(t)sλ(s) (3.75)
=
∞∑
d=0
∑
µ,ν
|µ|=|ν|
βdF dQ(q,p)(µ, ν)pµ(t)pν(s). (3.76)
may be viewed as special q-deformations of the generating functions associated to examples
Example 3.1, Example 3.2, with G(z) = 1+ z, G(z) = (1− z)−1 respectively, and the hybrid
combination generated by the ratio 1+z
1−z
. The former were considered previously in [16, 20],
and given both combinatorial and geometric interpretations in terms of weakly or strictly
monotonic paths in the Cayley graph.
Remark 3.3. Note that, for the special values of the flow parameters (t, s) given by trace invari-
ants of a pair of commuting M ×M matrices, X and Y ,
ti =
1
i
tr(Xi), si =
1
i
tr(Y i), (3.77)
with eigenvalues (x1, . . . , xM ), (y1, . . . , yM ), these may be viewed as special cases of the two types
of basic hypergeometric functions of matrix arguments [15,30].
3.5 Classical limits of examples E(q), H(q) and Q(q, p)
Setting q = eǫ for some small parameter, and taking the leading term contribution in the
limit ǫ→ 0, we obtain
lim
ǫ→0
E(q, ǫz) = ez (3.78)
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and therefore, taking the scaled limit with z → ǫz, we obtain
lim
ǫ→0
τ (E(q),ǫβ)(t, s) = τ (exp,β)(t, s) (3.79)
Similarly, we have
lim
ǫ→0
H(q, ǫz) = ez (3.80)
and hence
lim
ǫ→0
τ (H(q),ǫβ)(t, s) = τ (exp,β)(t, s). (3.81)
And finally, for the double quantum Hurwitz case, Example 3.7, setting
q = eǫ, p = eǫ
′
(3.82)
and replacing z by z(1
ǫ
+ 1
ǫ′
), we get
lim
ǫ,ǫ′→0
Q(q, p,
zǫǫ′
ǫ+ ǫ′
) = ez (3.83)
and hence
lim
ǫ,ǫ′→0
τ (Q(q,p),
βǫǫ′
ǫ+ǫ′
)(t, s) = τ (exp,β)(t, s). (3.84)
Thus, we recover Okounkov’s classical double Hurwitz number generating function τ exp(z)(t, s)
as the classical limit in each case.
4 Quantum Hurwitz numbers
We proceed to the interpretation of the quantities HdE(q)(µ, ν), H
d
H(q)(µ, ν) and H
d
Q(q,p)(µ, ν)
as quantum weighted enumerations of branched coverings of the Riemann sphere.
4.1 Symmetrized monomial sums and q-weighted Hurwitz sums
We begin by recalling three symmetrized monomial summation formulae that will be needed
in what follows. These are easily proved (e.g., by recursive diagonal summation of the
geometric series involved).
Let C[x1, . . . , xk] be the completion of the field extension of C by k indeterminates,
viewed as a normed vector space with norm |· · ·| and 0 < |xi| < 1, so that the corresponding
geometric series converge
∞∑
m=0
xmi =
1
1− xi
, i = 1, . . . , k. (4.1)
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Then
∑
σ∈Sk
∞∑
0≤i1<···<ik
xi1
σ(1) · · ·x
ik
σ(k) =
∑
σ∈Sk
xk−1
σ(1)x
k−2
σ(2) · · ·xσ(k−1)
(1− xσ(1))(1− xσ(1)xσ(2)) · · · (1− xσ(1) · · ·xσ(k))
(4.2)
∑
σ∈Sk
∞∑
1≤i1<···<ik
xi1
σ(1) · · ·x
ik
σ(k) =
∑
σ∈Sk
xkσ(1)x
k−1
σ(2) · · ·xσ(k)
(1− xσ(1))(1− xσ(1)xσ(2)) · · · (1− xσ(1) · · ·xσ(k))
(4.3)
∑
σ∈Sk
∞∑
0≤i1≤···≤ik
xi1
σ(1) · · ·x
ik
σ(k) =
∑
σ∈Sk
1
(1− xσ(1))(1− xσ(1)xσ(2)) · · · (1− xσ(1) · · ·xσ(k))
(4.4)
In what follows, we let (µ(1), . . . , µ(k)) denote a set of partitions of weight |µ(i)| = n, and
choose the xi’s to be
xi := q
ℓ∗(µ(i)). (4.5)
For the generating functions E(q), E ′(q) and H(q), using eqs. (4.2), (4.3) and (4.4) we have
the following weighting factors
WE(q)(µ
(1), . . . , µ(k)) :=
1
| aut(λ)|
∑
σ∈Sk
∞∑
0≤i1<···<ik
qi1ℓ
∗(µ(σ(1))) · · · qikℓ
∗(µ(σ(k)))
=
1
| aut(λ)|
∑
σ∈Sk
q(k−1)ℓ
∗(µ(σ(1))) · · · qℓ
∗(µ(σ(k−1)))
(1− qℓ∗(µ(σ(1)))) · · · (1− qℓ∗(µ(σ(1))) · · · qℓ∗(µ(σ(k))))
,
(4.6)
WE′(q)(µ
(1), . . . , µ(k)) :=
1
| aut(λ)|
∑
σ∈Sk
∞∑
1≤i1<···<ik
qi1ℓ
∗(µ(σ(1))) · · · qikℓ
∗(µ(σ(k)))
=
1
| aut(λ)|
∑
σ∈Sk
qkℓ
∗(µ(σ(1))) · · · qℓ
∗(µ(σ(k)))
(1− qℓ∗(µ(σ(1)))) · · · (1− qℓ∗(µ(σ(1)) · · · qℓ∗(µ(σ(k))))
=
1
| aut(λ)|
∑
σ∈Sk
1
(q−ℓ∗(µ(σ(1))) − 1) · · · (q−ℓ∗(µ(σ(1))) · · · q−ℓ∗(µ(σ(k))) − 1)
,
(4.7)
WH(q)(µ
(1), . . . , µ(k)) :=
(−1)ℓ
∗(λ)
| aut(λ)|
∑
σ∈Sk
∞∑
0≤i1≤···≤ik
qi1ℓ
∗(µ(σ(1))) · · · qikℓ
∗(µ(σ(k)))
=
(−1)ℓ
∗(λ)
| aut(λ)|
∑
σ∈Sk
1
(1− qℓ∗(µ(σ(1)))) · · · (1− qℓ∗(µ(σ(1))) · · · qℓ∗(µ(σ(k))))
,
(4.8)
where λ is the partition with parts (ℓ∗(µ(1)), . . . , ℓ∗(µ(k))).
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4.2 Quantum Hurwitz numbers: the case E(q)
Substituting eq. (4.6) into (3.71), (1.21) and (1.9) gives
Theorem 4.1.
τ (E(q),β)(t, s) =
∞∑
d=0
βd
∑
µ,ν
|µ|=|ν|
HdE(q)(µ, ν)pµ(t)pν(s), (4.9)
where
HdE(q)(µ, ν) :=
∞∑
k=0
∑′
µ(1),...µ(k)∑k
i=1 ℓ
∗(µ(i))=d
WE(q)(µ
(1), . . . , µ(k))H(µ(1), . . . , µ(k), µ, ν) (4.10)
are the weighted (quantum) Hurwitz numbers that count the number of branched coverings
with genus g given by (3.1) with weight WE(q)(µ
(1), . . . , µ(k)) for every branched covering of
type (µ(1), . . . , µ(k), µ, ν).
From eq. (3.72) follows:
Corollary 4.2. The weighted (quantum) Hurwitz number for the branched coverings of the
Riemann sphere with genus given by (3.1) is equal to the combinatorial Hurwitz number given
by formula (3.37) enumerating weighted paths in the Cayley graph:
HdE(q)(µ, ν) = F
d
E(q)(µ, ν). (4.11)
4.3 Dual quantum Hurwitz numbers: the case H(q)
We proceed similarly for this case. Substituting eq. (4.8) into (3.73), (1.21) and (1.9) gives
Theorem 4.3.
τ (H(q),β)(t, s) =
∞∑
d=0
βd
∑
µ,ν
|µ|=|ν|
HdH(q)(µ, ν)pµ(t)pν(s), (4.12)
where
HdH(q)(µ, ν) :=
∞∑
k=0
∑′
µ(1),...µ(k)∑d
i=1 ℓ
∗(µ(i))=d
WH(q)(µ
(1), . . . , µ(k))H(µ(1), . . . , µ(k), µ, ν) (4.13)
are the weighted, signed (quantum) Hurwitz numbers that count the number of branched
coverings with genus g given by (3.1) and sum of colengths k, with weightWH(q)(µ
(1), . . . , µ(k))
for every branched covering of type (µ(1), . . . , µ(k), µ, ν).
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From eq. (3.74) follows:
Corollary 4.4. The weighted (quantum) Hurwitz number for the branched coverings of the
Riemann sphere with genus given by (3.1) is again equal to the combinatorial Hurwitz number
given by formula (3.54) enumerating weighted paths in the Cayley graph:
HdH(q)(µ, ν) = F
d
H(q)(µ, ν). (4.14)
4.4 Double quantum Hurwitz numbers: the case Q(q, p)
This case can be understood by combining the results for the previous two multiplicatively.
Since
r
(Q(q,p),β)
λ = r
(E(q),β)
λ r
(H(p),β)
λ , (4.15)
it follows that:
Theorem 4.5.
τ (Q(q,p),β)(t, s) =
∞∑
d=0
βd
∑
µ,ν
|µ|=|ν|
HdQ(q,p)(µ, ν)pµ(t)pν(s), (4.16)
where
HdQ(q,p)(µ, ν) :=
∞∑
k=0
∞∑
m=0
(−1)m
∑′
µ(1),...µ(k),ν(1),...ν(m)∑k
i=1 ℓ
∗(µ(i))+
∑m
i=1 ℓ
∗(ν(i))=d
WE(q)(µ
(1), . . . , µ(k))
×WH(p)(ν
(1), . . . , ν(m))H(µ(1), . . . , µ(k), ν(1), . . . , ν(m), µ, ν) (4.17)
are the weighted (quantum) Hurwitz numbers that count the number of branched coverings
with genus g given by (3.1) and sum of colengths d, with two mutually independent species
of branch points, the first (µ(1), . . . , µ(k)) having weight WE(q)(µ
(1), . . . , µ(k)), the second
(ν(1), . . . , ν(m)), signed weight (−1)mWH(q)(ν
(1), . . . , ν(m)) for every branched covering of type
(µ(1), . . . , µ(k), ν(1), . . . , ν(m), µ, ν).
It follows from eq. (3.72) that:
Corollary 4.6. The weighted (quantum) Hurwitz number for the branched coverings of the
Riemann sphere with genus given by (3.1) is again equal to the combinatorial Hurwitz number
given by formula (3.61) enumerating weighted paths in the Cayley graph:
HdQ(q,p)(µ, ν) = F
d
Q(q,p)(µ, ν). (4.18)
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4.5 Bose gas model
A slight modification of Example 3.5 consists of replacing the generating function E(q, z)
defined in eq. (3.30) by E ′(q, z), as defined in (3.40) and (3.53). The effect of this is simply
to replace the weighting factors 1
1−qℓ
∗(µ) in eq. (4.10) by
1
q−ℓ
∗(µ)−1
.
If we identify
q := e
−
~ω0
kBT , (4.19)
where ω0 is the lowest frequency excitation in a gas of identical Bosonic particles and assume
the energy spectrum of the particles consists of integer multiples of ~ω0
ǫk = k~ω0, (4.20)
the relative probability of occupying the energy level ǫk is
qk
1− qk
=
1
eβǫk−1
, (4.21)
which is the energy distribution of a Bosonic gas with vanishing fugacity. If we assign the
energy
ǫ(µ) := ǫℓ∗(µ) = ~ℓ
∗(µ)ω0 (4.22)
and assign a weight to a configuration (µ(1), . . . , µ(k), µ, ν) that corresponds to the Bosonic
gas weight for a state with total energy that of the additional k branch points
ǫ(µ(1), . . . , µ(k)) =
k∑
i=1
ǫ(µ(i)) (4.23)
we obtain the weight
W (µ(1), . . . , µ(k)) =
1
eβǫ(µ(1),...,µ(k)) − 1
. (4.24)
From eq. (4.7), the weighting factor WE′(q)(µ
(1), . . . , µ(k)) for k branch points with ramifica-
tion profiles (µ(1), . . . , µ(k)) is thus the symmetrized product.
WE′(q)(µ
(1), . . . , µ(k)) =
1
|aut(λ)|
∑
σ∈Sk
W (µ(σ(1)) · · ·W (µ(σ(1), . . . , µ(σ(k)). (4.25)
If we associate the branch points to the states of the gas and view the Hurwitz numbers
H(µ(1), . . . µ(k), µ, ν) as random variables, the weighted Hurwitz numbers are given, as in
eq. (4.10), by
HdE′(q)(µ, ν) :=
∞∑
k=0
∑
µ(1),...µ(k)∑k
i=1 ℓ
∗(µ(i))=d
WE′(q)(µ
(1), . . . , µ(k))H(µ(1), . . . , µ(k), µ, ν) (4.26)
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Normalizing by the canonical partition function for fixed total energy d~ω,
ZdE′(q) :=
∞∑
k=0
∑
µ(1),...µ(k)∑k
i=1 ℓ
∗(µ(i))=d
WE′(q)(µ
(1), . . . , µ(k)), (4.27)
we may therefore interpret this as an expectation value of the Hurwitz numbers associated
to the Bose gas
〈HdE′(q)(µ, ν)〉 =
HdE′(q)(µ, ν)
Zd
E′(q)
, (4.28)
and view the corresponding τ -function
τ (E
′(q),β)(t, s)
Zd
E′(q)
=
∞∑
d=0
βd
∑
µ,ν
|µ|=|ν|
〈HdE′(q)(µ, ν)〉pµ(t)pν(s), (4.29)
as a generating function for these expectation values.
4.6 Formulae for Hn−1E(q)(n), H
n−1
H(q)(n), H
n−1
E′(q)(n) for n = 2, 3, 4, 5
The computation of the quantum double Hurwitz numbers HdE(q)(µ, ν), H
d
H(q)(µ, ν) and
HdE′(q)(µ, ν) follows from the Sn character tables. Here, we give explicit expressions for
the cases n = 2, 3, 4 and 5 when d = n − 1; i.e. for branched coverings of genus 0, in
the case when µ = 1n, so this is a point with no ramification, while ν = (n), correspond-
ing to a branch point with maximal ramification. We denote the three quantum Hurwitz
numbers H
(n−1)
G ((1)
n, n) for G = E(q), H(q) and E ′(q) as H
(n−1)
G (n), since there is only one
fixed branched point of profile type µ = (n). Equivalently, these enumerate the quantum
weighted factorizations of a full cyclic element h ∈ cyc(n) as a product of n − 1 transpo-
sitions. The character tables may be found, e.g., in [10]; we just list the relevant Hurwitz
numbers H(ν(1), . . . , ν(k)) that contribute to the sums in (4.10), (4.13) and (4.26)
For n = 2, the only term contributing is:
H((2), (2)) =
1
2
. (4.30)
For n = 3, the terms contributing are:
H((3), (3)) =
1
3
, H((21), (21), (3)) = 1. (4.31)
For n = 4, the terms contributing are:
H((4), (4)) =
1
4
, H((31), (212), (4)) = 1,
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H((22), (212), (4)) =
1
2
, H((212), (212), (212), (4)) = 4. (4.32)
For n = 5, the terms contributing are:
H((5), (5)) =
1
5
, H((312), (312), (5)) = 1, H((312), (213), (213), (5)) = 5,
H((32)(213), (5)) = 1, H((41)(213), (5)) = 1, H((221), (213), (213), (5)) = 5,
H((213), (213), (213), (213), (5)) = 25, H((221), (221), (5)) = 1, H((221), (312), (5)) = 1.
(4.33)
From eqs. (4.6)–(4.8), (4.10), (4.13) and (4.26), we obtain the following expressions for
H
(n−1)
E(q) (n), H
(n−1)
H(q) (n) and H
(n−1)
E′(q) (n) for n = 2, 3, 4, 5:
Quantum Hurwitz numbers
n Hn−1
E(q)(n) H
n−1
H(q)(n) H
n−1
E′(q)(n)
2 1
2(1−q)
1
2(1−q)
q
2(1−q)
3 1+5q
3(1−q)(1−q2)
5+q
3(1−q)(1−q2)
q2+5q3
3(1−q)(1−q2)
4 1+11q+11q
2+q3
4(1−q)(1−q2)(1−q3)
1+11q+11q2+q3
4(1−q)(1−q2)(1−q3)
q3+11q4+11q5+q6
4(1−q)(1−q2)(1−q3)
5 1+19q+39q
2+260q3+261q4+241q5+2179q6
5(1−q)(1−q2)(1−q3)(1−q4)
2179+241q+261q2+260q3+39q4+19q5+q6
5(1−q)(1−q2)(1−q3)(1−q4)
q4+19q5+39q6+260q7+261q8+241q9+2179q10
5(1−q)(1−q2)(1−q3)(1−q4)
Remark 4.1. By combining the cases E(q), H(q) multiplicatively, a multiparametric family of
generating functions may be obtained, for which the underlying weight generating function is the
product
Q(q, z;p,w) :=
l∏
i=1
E(qi, wi)
m∏
j=1
H(pj , zj). (4.34)
The interpretation of such multiparametric multispecies quantum Hurwitz numbers, both in terms
of weighted enumeration of branched covers, and weighted paths in the Cayley graph, is the subject
of [17].
Remark 4.2. Since the completion of this work, the above approach to weighted Hurwitz numbers
and their generating functions has been developed further in [1], [2] so as to include it in the
topological recursion program [8, 9]. The parameter β plays a roˆle analogous to Planck’s constant
in the asymptotic development of the associated solutions to the quantum spectral curve equation
as WKB series.
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